A method is presented for calculating the failure strengths and failure modes of composite laminates containing a pin loaded hole for materials exhibiting nonlinearly elastic behavior. The analysis follows that proposed by Chang, Scott, and Springer for linearly elastic composites with two notable exceptions: a) the shear stress-shear strain relation in each ply is taken to be nonlinear with the form proposed by Hahn and Tsai, and b) the Yamada-Sun failure criterion is modified to include nonlinear effects. Numerical results, generated using a nonlinear finite element scheme, were compared to data. These comparisons show that for laminates exhibiting nonlinear behavior the present analysis provides the failure strengths and failure modes more accurately than the previous method employing a linear stress-strain analysis.
INTRODUCTION SEVERAL ANALYSES HAVE BEEN PROPOSED RECENTLY FOR CALCULATING
the failure strengths and failure modes of composite laminates containing pin loaded holes [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . All these analyses were formulated on the basis of linearly elastic material behavior. Indeed, it has been found [1] [2] [3] [4] [5] [6] that the analyses using linear stress-strain relations provide reasonable results for laminates containing pin loaded holes except for ply orientations [±45] S and [0/90] s, where differences up to 40% were noted. The discrepancies were felt to be due to the fact that these laminates have strongly nonlinear elastic behavior, which the previous analytical models did not take into account.
Nonlinear behavior of laminated composites has been observed in experiments and is known to be strongly dependent on laminate ply orientation, loading direction, and environmental conditions. The primary cause of the laminate nonlinearity was found to be mostly due to the ply shear stresses once they became comparable to longitudinal tensile stresses [16- Figure 1) . A uniformed tensile load P is applied to the lower edge of the plate. It is desired to find: 1) the maximum (failure) load (P,) that can be applied before the joint fails, and 2) the mode of failure.
ANALYSIS
The analysis follows the procedure given in References [1] [2] [3] [4] for composites with linearly elastic material behavior. Accordingly, the analysis consists of four major parts [4, 25] . The function f is a relationship between the shear stress and the shear strain. Different investigators suggested different functions for f [16] [17] [19] [20] [21] 26] . Here, the nonlinear shear stress-shear strain relation advanced by Hahn and Tsai [16, 17] is chosen. Accordingly, the shear stress-shear strain relationship is written as where Gxy is the initial ply shear modulus and a is a constant that has to be determined experimentally. The tangent shear modulus, defined as the slope of the shear stress versus shear strain at each current position is
Failure Criterion
The Yamada-Sun failure criterion has been successfully utilized in the analysis of linearly elastic composites with pin loaded holes [1] [2] [3] [4] [5] [6] . This --:...--:--:-r~~~ where X is either the longitudinal tensile strength of a ply (if o~ is in tension) or the longitudinal compressive strength (if ar is compression). S is the actual ply shear strength for the laminate.
As was noted, nonlinear shear stress-strain relation is important in determining the failure strength and the failure mode of certain types of pinloaded laminates. It is felt that failure of these laminates cannot be predicted appropriately by only evaluating the current stresses, without regard to the history of the shear deformation. Therefore, when such nonlinearities are important the history of the shear deformation has to be taken into account in the failure criterion. To accomplish this, the Yamada-Sun failure criterion, based on only current stresses, is modified by incorporating Sandhu's strain energy failure criterion [18, 19] . As will be shown below, the modified criterion can be applied when the material behaves in both a linear and a nonlinear elastic manner. The modified failure criterion is thus expressed as where yz is the ultimate failure shear strain in a ply.
Note that the modified criterion reduces to Yamada-Sun failure criterion [27] if the shear stress-strain relation is linear. Equations (3) and (6) give For linearly elastic material a = 0 and Equation (7) reduces to Equation (5) .
Failure Hypothesis-Characteristic Curve
The same failure hypothesis is adopted here as was used for linearly elastic composites [1] [2] [3] [4] [5] . That is, failure occurs when, in any one of the plies, the combined stresses satisfy an appropriately-chosen failure criterion at any point on a characteristic curve. The characteristic curve (Figure 2) is specified by the expression The angle 0, measured clockwise from the X2 axis, may range in value from -n/2 to n/2. R, and R, are the characteristic lengths for tension and compression. These parameters must be determined experimentally, as is discussed in Reference [6] . In this investigation, the characteristic curve is used together with the modified Yamada-Sun failure criterion. Accordingly, failure occurs when the parameter e is equal to, or is greater than unity at any point on the characteristic curve
The location (angle Of) at which e first reaches the value of unity (e = 1) on the characteristic curve ( Figure 2 ) provides an estimate of the mode of failure. Failure is taken to occur in the bearing mode when Of is small (8f = 0°). Failure is taken to be due to shearout when Of 45 °. Failure is taken to be caused by tension when 9/ ~ 90 °. In summary,
At intermediate values of 0/, failure may be caused by a combination of these modes.
Stress Analysis
In calculating the stresses in the laminate, the load is applied incrementally. In each step, a small incremental load AP is applied until the failure load PM (_ ~k = , (AP)k) is reached. It is assumed that the incremental load AP is so small that during each increment the shear stress varies linearly with shear strain and the deformations are small. The tangent shear modulus (the slope of the shear stress-shear strain curve) is calculated in each increment and the value thus obtained is used as the updated slope for the next step.
Based on these assumptions, the equilibrium equation in the absence of body force at the n-th increment can be written as and the incremental stress-strain relations in the laminate are given by where /E,~</&dquo;, the reduced moduli, are given by
Here hp is the thickness of the p-th ply, and ~Q $J^ is the transformed reduced stiffness matrix for the p-th ply at the n-th increment [4, 25] [4, 25] . The total strains and stresses at the n-th increment are given by 
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The tangent shear modulus [TG] for the n + 1 increment can be obtained by the approximation (see Equation 4 ).
SOLUTION PROCEDURE
The numerical calculations to determine the failure load and failure mode of a composite containing a pin loaded hole are performed according to the following steps. 1) An incremental load Ap is applied.
2) The components of incremental laminate strains Mii, AFZ~, AE,2 are calculated.
3) The incremental ply stresses Ao~, Ao~ are calculated. 4) The total stresses o., and a~, are calculated. 5) The total applied load is calculated.
6) The modified Yamada-Sun failure criterion is applied in each ply along the 7) The tangent shear modulus in each ply at each element is updated.
8) The procedure is repeated (return to Step 1). A computer code (designated NLJOINT) was developed to perform the calculations. This code provides the failure strengths and failure modes of laminates containing a single pin loaded hole, with different ply orientations and different geometries. This code may be obtained from G. S. Springer.
RESULTS
In order to evaluate the accuracy of the model, results generated by the model were compared to data. Data obtained previously with Fiberite T300/1034-C graphite-epoxy laminates were used in these comparisons. The experimental apparatus and procedures used in the tests are given in References [3, 4] . The measured failure strengths and failure modes of laminates having different geometries and different ply orientations are shown in Figures 4-6 . The ordinates in these figures represent the bearing strength P, = P/DH, where P is the failure load and DH is the crosssectional area of the hole.
The bearing strengths and failure modes were also calculated using the model. The material properties listed in Table 1 were used in the calculations. All the properties in the table are from References [3, 4] except for the value of the constant a. For lack of any other information, the value of a was taken to be the same as that measured by Hahn [17] for boron-epoxy composites.
The 
